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We develop a Lagrange interpolation method for quintic C1 splines on cube partitions
with 24 tetrahedra in each cube. The construction of the interpolation points is based
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of octahedra such that no tetrahedron has to be refined. It follows that the interpolation
method is local and stable, and has optimal approximation order six and linear complexity.
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1. Introduction
We develop a Lagrange interpolation method for quintic C1 splines on type-6 tetrahedral partitions. The type-6
tetrahedral partition is derived from a uniform cube partition by intersecting each cube with six planes, resulting in 24
tetrahedra per cube [1]. This partition can be considered as a collection of octahedra, with each octahedron consisting of
eight tetrahedra. The method is based on a new priority principle, in which the partition is decomposed into classes of
octahedra with an increasing number of common vertices, edges, and faces. In contrast to the known methods [2–6], no
tetrahedron has to be refined, and no additional smoothness conditions are required. The interpolating spline is constructed
step by step on each octahedron, starting with the octahedra in the lowest class. We show that the method is local and
stable in the sense that the value of each B-coefficient of a given octahedron depends only on data values located in the
neighborhood of the octahedron and is absolutely bounded by these data values (25). In our main result, we show that the
interpolation method has approximation order six (26), which is optimal for quintic splines.
The paper is organized as follows. In Section 2, we recall some basic facts and notation about trivariate splines on
tetrahedral partitions, and Bézier–Bernstein techniques. In Section 3, we investigate the space of quintic C1 supersplines
on type-6 tetrahedral partitions, and determine the dimension of this spline space. We decompose the partition into classes
of octahedra in Section 4. Based on this decomposition, we construct a Lagrange interpolation set for the spline space in
Section 5. It is shown that themethod is local and stable. In Section 6, we establish error bounds for the interpolating splines,
and show that the method has optimal approximation order six.
2. Preliminaries
We first recall some basic facts about trivariate splines on tetrahedral partitions and Bézier–Bernstein techniques.
Given a polygonal domainΩ ⊂ R3, a tetrahedral partition∆ ofΩ is a set of non-degenerate tetrahedra {T1, . . . , Tn}wheren
i=1 Ti = Ω and the intersection of any two tetrahedra T ,T ∈ ∆, T ≠ T is either empty, a common vertex, a common
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edge, or a common face. The space of trivariate splines of degree d and smoothness r on∆ is defined as
Srd(∆) :=

s ∈ C r(Ω); s|T ∈ Pd for all tetrahedra T ∈ ∆

,
where r ≤ d are positive integers and
Pd := span

xiyjzk; 0 ≤ i+ j+ k ≤ d, i, j, k ∈ N
is the

d+3
3

-dimensional space of trivariate polynomials of total degree d.
We use the well-known Bézier–Bernstein representation of splines. Let T ∈ ∆, T := ∆(v0, v1, v2, v3) be some tetrahe-
dron with vertices v0, . . . , v3; then the set of domain points on T is defined as
DT :=

ξijkl := (iv0 + jv1 + kv2 + lv3)/d; i+ j+ k+ l = d

.
The ball of radius r around the vertex v0 with respect to T is the subset of domain points defined by
DTr (v0) :=

ξi,j,k,l ∈ DT ; i ≥ d− r

,
with similar definitions for the other vertices. We further define
Dr(v) :=

T∈∆; v∈T
DTr (v).
For a tetrahedral partition∆, we define
D∆ :=

T∈∆
DT .
The polynomial pieces of s are given in the Bézier–Bernstein representation,
s|T :≡
−
i+j+k+l=d
bijklBijkl,
where the coefficients bijkl are the B-coefficients of s|T and
Bijkl :≡ d!i!j!k!l!ϕ
i
0ϕ
j
0ϕ
k
0ϕ
l
0
is the Bernstein polynomial of degree d associated with T . The barycentric coordinates ϕν ∈ P1, ν = 0, . . . , 3, are the
unique linear polynomials satisfying ϕν(vµ) = δνµ, ν, µ = 0, . . . , 3, where δνµ denotes Kronecker’s delta. Since the
Bernstein polynomials form a basis for Pd, s|T is uniquely determined by its B-coefficients bijkl, i + j + k + l = d. We
associate the B-coefficient bijkl and the Bernstein polynomial Bijkl with the respective domain point ξijkl. For a domain point
ξ ∈ DT , we denote the B-coefficient of s|T associated with ξ by bξ , and the Bernstein polynomial associated with ξ by Bξ . Let
T = ∆(v0, v1, v2, v3) andT = ∆(v0, v1, v2,v3) be two neighboring tetrahedra, and let s ∈ S−1d (T ∪T ). For i+ j+ k+ l = d,
let bTijkl and b
T
ijkl be the B-coefficients of s|T and s|T , respectively, and let BTijkl be the Bernstein polynomials associated with T .
Then s ∈ Srd(T ∪T ) if and only if the B-coefficients satisfy
bTijkρ = −
i0+j0+k0+l0=ρ
bTi+i0,j+j0k+k0,l0B
T
i0j0k0 l0 , i+ j+ k = d− ρ, (1)
for all ρ = 0, . . . , r . Note that, if the B-coefficients associated with the ball DTr (v) for some vertex v of T are known, then
the remaining B-coefficients associated with Dr(v) are determined by this equation.
Let ∆ be a tetrahedral partition and let v be a vertex of ∆. Then the star of v is defined as the set of tetrahedra which
share the vertex v,
star(v) := {T ∈ ∆; v ∈ T } .
For a tetrahedron T ∈ ∆, we further define star0(T ) := T and
starℓ(T ) := T ∈ ∆; T ∩ starℓ−1(T ) ≠ ∅ .
We also make use of the concept of a minimal determining set for a spline space. Let S(∆) be a spline space defined on
a tetrahedral partition ∆, and letM ⊆ D∆ be a subset of the domain points of ∆.M is called a determining set for S(∆) if
bξ = 0 for all ξ ∈M implies that s ≡ 0.M is called aminimal determining set (MDS) if no subset ofMwith fewer elements is
a determining set for S(∆). It is well known that, ifM is an MDS for S(∆), then dim(S(∆)) = #M [7, p. 485, Theorem 17.8].
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Fig. 1. The 15 vertices of a cube: eight corner vertices (left), six face vertices (middle), and one cube vertex (right).
Fig. 2. The 24 tetrahedra of a cube in the∆6 partition. Each cube is split into six pyramids, which in turn are split into four tetrahedra.
3. Quintic C1-splines on type-6 partitions
In this section, we describe a uniform tetrahedral partition of the unit cube. We begin by dividing the unit cube into
a regular cube partition of N3 subcubes, each of which is then divided into 24 tetrahedra by inserting additional vertices
and connecting them. We show how the tetrahedra of this partition can be grouped into octahedra and half-octahedra, and
define a spline space with certain superspline properties on the partition. We close this section by giving the dimension of
this spline space.
LetΩ = [0, 1] × [0, 1] × [0, 1] ⊂ R3 be the unit cube. Let N ∈ N and h := 1/N . Then
♦ := Qijk := [ih, (i+ 1)h] × [jh, (j+ 1)h] × [kh, (k+ 1)h]; i, j, k = 0, . . . ,N − 1
denotes the regular cube partition of the unit cube consisting of N3 subcubes. We obtain a tetrahedral partition from ♦
by subdividing each of the subcubes into 24 tetrahedra. Note that the corner vertices of ♦ are vijk := (ih, jh, kh), i, j, k =
0, . . . ,N . We define the following additional cube vertices,
v
Q
ijk :=
1
8
−
0≤α,β,γ≤1
vi+α,j+β,k+γ , i, j, k = 0, . . . ,N − 1,
which are the barycenters of the cubes, and face vertices,
vxijk :=
1
4
−
0≤β,γ≤1
vi,j+β,k+γ , i = 0, . . . ,N, j, k = 0, . . . ,N − 1,
v
y
ijk :=
1
4
−
0≤α,γ≤1
vi+α,j,k+γ , j = 0, . . . ,N, i, k = 0, . . . ,N − 1,
vzijk :=
1
4
−
0≤α,β≤1
vi+α,j+β,k, k = 0, . . . ,N, i, j = 0, . . . ,N − 1,
which are the barycenters of the cube faces. Fig. 1 shows the 15 vertices of a cube. Now we subdivide each cube Qijk into 24
tetrahedra by connecting each cube vertex to the eight surrounding corner vertices and to the six surrounding face vertices,
and then connecting each face vertex to the four corner vertices on that face (see Fig. 2). We call the resulting partition the
type-6 tetrahedral partition, and denote it by∆6. Each tetrahedron T := ∆(v0, v1, v2, v3) of the partition is defined such that
v0 is the face vertex and v3 is the cube vertex. Of the two corner vertices vijk and v˜ijk, v1 is the one where i + j + k is even,
and v2 is the other one. We further denote the face of T which is opposite of the vertex vν by Fν .
This partition can be considered as an octahedral partition in the following sense. The tetrahedra of ∆6 can be grouped
into disjoint octahedra and half-octahedra, where each octahedron consists of eight tetrahedra and each half-octahedron
consists of four tetrahedra. These are defined as follows. For each face vertex, we define
Oxijk := star(vxijk), i = 0, . . . ,N, j, k = 0, . . . ,N − 1,
Oyijk := star(vyijk), j = 0, . . . ,N, i, k = 0, . . . ,N − 1,
Ozijk := star(vzijk), k = 0, . . . ,N, i, j = 0, . . . ,N − 1.
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Fig. 3. Two half-octahedra in two neighboring cubes form an octahedron.
Fig. 3 shows how two half-octahedra in two neighboring cubes form an octahedron. Note that Oxijk is a half-octahedron only
if vxijk is a boundary vertex. The same applies to the y- and z-half-octahedra. For an octahedron or half-octahedron O := Oxijk,
we call vxijk the interior vertex of O. The remaining vertices of O are called boundary vertices of O. An edge or face of O is called
an interior edge or interior face of O, respectively, if it shares the interior vertex of O. All other edges or faces are boundary
edges or boundary faces of O. We make similar definitions for the y- and z-half-octahedra. Of the six boundary vertices of
each octahedron, one is a face vertex, four are corner vertices, and two are cube vertices. Missing one cube vertex, a half-
octahedron has only five boundary vertices. We denote the octahedral partition by O.
For an octahedron O, we define star0(O) := O and
starℓ(O) :=

O˜ ∈ O; O˜ ∩ starℓ−1(O) ≠ ∅

.
We define the following sets of vertices, edges and faces of O.
VO := {v ∈ ∆6; v is a boundary vertex of some octahedron O ∈ O},
EO := {e ∈ ∆6; e is a boundary edge of some octahedron O ∈ O},
FO := {f ∈ ∆6; f is a boundary face of some octahedron O ∈ O}.
Counting the elements in these sets, we obtain
#VO = 2N3 + 3N2 + 3N + 1, #EO = 11N3 + 6N2 + 3N, #FO = 12N3, (2)
respectively. The numbers of interior and boundary tetrahedra of∆6 are
#TI = 24N3 − 24N2, #TB = 24N2, (3)
respectively.
In this paper, we consider quintic C1 splines on∆6 with certain superspline properties. Let
S(∆6) := S1,1,25 (∆6) =

s ∈ S15(∆6); s ∈ C2(v) for all corner vertices and cube vertices v

. (4)
We now describe the C1 smoothness conditions across the faces of the tetrahedra of∆6. Let T andT be two tetrahedra with
a common face of type F0, and let bξ and b˜ξ be the B-coefficients of s|T and s|T , respectively, where s ∈ S(∆6) is a spline.
Then, by (1), we get
b˜1,j,k,l = 12

b0,j+1,k,l + b0,j,k+1,l
+ b0,j,k,l+1 − b1,j,k,l, j+ k+ l = 4. (5)
The C1 smoothness conditions of s across the other faces Fν, ν = 1, 2, 3, degenerate to univariate conditions. Let T andT
be two tetrahedra with a common face of type Fν . Then
b˜i,1,k,l = 2bi+1,0,k,l − bi,1,k,l, i+ k+ l = 4,
b˜i,j,1,l = 2bi+1,j,0,l − bi,j,1,l, i+ j+ l = 4, (6)
b˜i,j,k,1 = 2bi+1,j,k,0 − bi,j,k,1. i+ j+ k = 4.
Using these conditions, we can state the following theorem concerning the dimension of S(∆6).
Theorem 3.1. Let S(∆6) be the spline space described in (4). Then
dim(S(∆6)) = 102N3 + 114N2 + 36N + 10.
Proof. First, we consider the partition consisting only of the octahedra, without the half-octahedra. Let OI := ∆6 \{star(v); v a boundary face vertex} be the partition consisting of all the octahedra without the half-octahedra. Lai and
LeMéhauté showed [8, Theorem 2.2] that dim(S(OI)) = 10#VOI + 2#EOI + 3#FOI + #TI . This implies that there exists
a minimal determining set M of S(OI) with dim(S(OI)) points. We first extend the partition by one half-octahedron O.
Let T1, . . . , T4 be the four tetrahedra of O, and letMOν := {ξ3110, ξ2210, ξ2120, ξ2111} ⊂ DTν , ν = 1, . . . , 4. We show that
M ∪ MO is a minimal determining set for S(OI ∪ O), whereMO := ν=1,...,4MOν . Let s ∈ S(OI ∪ O) be a spline whose
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Table 1
Decomposition of the octahedra
Oxijk into classesK1, . . . ,K4 .
Class i j k
K1
Even Odd Odd
Odd Even Even
K2
Even Even Even
Odd Odd Odd
K3
Even Even Odd
Odd Odd Even
K4
Even Odd Even
Odd Even Odd
Fig. 4. Distribution of the octahedra Oxijk for even index i (left) and odd i (right).
Table 2
Decomposition ofOyijk into classes
K5 andK6 .
Class i+ j+ k
K5 Even
K6 Odd
B-coefficients bξ , ξ ∈M∪MO, are known. SinceM is anMDS for S(OI), s|OI is uniquely determined. The half-octahedron O
has exactly four common faces with tetrahedra inOI . By the C1 smoothness conditions (5) across these faces, and by the C2
smoothness conditions at the vertices of O, the B-coefficients bijkl, i ≥ 2, j, k, l ≤ 2, in each of the tetrahedra T1, . . . , T4 can
be determined. Since the face vertex of O is a singular vertex, the remaining B-coefficients of s|O can be uniquely determined
by the C1 smoothness conditions (6) across the interior faces of O from the B-coefficients bξ , ξ ∈ MO. Thus, s is uniquely
determined by the B-coefficients bξ , ξ ∈ M ∪ MO. Extending this result to each half-octahedron O ∈ ∆6, we obtain a
minimal determining set for S(∆6). Counting the points in this MDS, we obtain the dimension of S(∆6) as
dim(S(∆6)) = 10#V + 2#E + 3#F + #TI + 4#TB.
Using (2) and (3) gives the dimension as a function of N . 
4. Decomposition into classes of octahedra
In this section, we show how the partition∆6 can be completely decomposed into seven disjoint classes of octahedra and
half-octahedra. We analyze the properties of this decomposition regarding common vertices, edges, and faces of elements
in these classes. Based on this decomposition, wewill choose interpolation points in the next section to construct a Lagrange
interpolation set.
In the previous section, we have shown that ∆6 can be considered as an octahedral partition with octahedra and half-
octahedraOxijk,O
y
ijk,O
z
ijk. In the following, we refer to anyOijk as an octahedron, even if it is a half-octahedron, since the same
rules apply to both. We begin by decomposing the octahedra Oxijk into four classes based on the parity of their indices. The
decomposition is described in Table 1, with i = 0, . . . ,N , and j, k = 0, . . . ,N − 1. Fig. 4 shows the distribution of these
octahedra in ∆6. Each square represents a cube face on which the vertex vxijk, which is the center of the octahedron O
x
ijk, is
located. The left and right sides of the figure show the situation for even and odd indices i, respectively.
In the same fashion,wenowdecompose the octahedraOyijk into two classesK5 andK6. Table 2 shows this decomposition,
with j = 0, . . . ,N , and i, k = 0, . . . ,N − 1.
Finally, the remaining octahedra Ozijk are put into classK7.
We count the numbers of octahedra and half-octahedra in each class and give the results in Table 3. For simplicity’s sake,
we assume here and for the remainder of the paper that N is even. However, the algorithms for decomposition and the
choice of Lagrange interpolation points are the same for odd N .
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Table 3
The numbers of octahedra and half-octahedra in each of the
classes.
Class Number of octahedra Number of half-octahedra
K1
1
4 (N
3 − N2) 12N2
K2
1
4 (N
3 − N2) 12N2
K3
1
4 (N
3 − N2) 12N2
K4
1
4 (N
3 − N2) 12N2
K5
1
2 (N
3 − N2) N2
K6
1
2 (N
3 − N2) N2
K7 N3 − N2 2N2
Fig. 5. The common vertices, edges, and faces of octahedra and half-octahedra in classesK1, . . . ,K6 (top left to bottom right).
We now examine the common vertices, edges, and faces that the octahedra and half-octahedra in each of the classes
share with the elements in lower classes. To simplify the boundary cases, we say that an octahedron shares a common
vertex v, edge e, or face F with the boundary ofΩ if v, e, or F is a boundary vertex, edge, or face, respectively. Fig. 5 shows
the common vertices, edges, and faces for octahedra and half-octahedra in the classesK1, . . . ,K6.
• The octahedra and half-octahedra in classKν are disjoint to each other for ν = 1, . . . , 4.
• Each interior vertex of ♦ is contained by exactly one octahedron or half-octahedron of classK1.
• The octahedra in classK2 share six common vertices with octahedra in classK1 or with the boundary ofΩ . Each half-
octahedron in classK2 shares five common vertices with octahedra in classK1 or with the boundary ofΩ .
• The octahedra and half-octahedra in classK3 share four common edges with elements in classesK1 ∪K2 or with the
boundary ofΩ . These are the edges of the original cube partition ♦.
• The octahedra in class K4 share four common edges and two additional common vertices with elements in classes
K1 ∪ K2 ∪ K3 or with the boundary of Ω . The half-octahedra share four common edges and one additional vertex
with the elements in classesK1 ∪K2 ∪K3 or with the boundary ofΩ . Again, the edges are those of the original cube
partition ♦.
• The octahedra in classK5 share four common faces with the elements in lower classes, while the half-octahedra in class
K5 share two common faces with elements in lower classes.
• The octahedra in classK6 share four common faces with the elements in lower classes, and two additional edges with
elements in lower classes or the boundary ofΩ . The half-octahedra in classK6 share two common faces with elements
in lower classes and also two additional edges with elements in lower classes or the boundary ofΩ . Again, the edges are
those of the original cube partition ♦.
• The octahedra in class K7 share eight common faces with elements in lower classes, while the half-octahedra in class
K7 share four common faces with elements in lower classes.
We are now ready to define a Lagrange interpolation set based on the decomposition of∆6.
5. Lagrange interpolation by quintic C1-splines on type-6 partitions
In this section, we construct a Lagrange interpolation set for the space S(∆6). This is done by defining a subset of domain
pointsD∆6 of∆6. We choose interpolation points successively in the classes of octahedra described in the previous section
and show that an interpolating spline can be uniquely determined, such that the computation of the spline is local, stable,
and of linear complexity.
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Fig. 6. The position of the tetrahedra T1, . . . , T8 in the upper half (left) and the lower half (right) of an octahedron.
In the following, we describe the choice of interpolation points in the octahedral classes K1, . . . ,K7. Therefore, we
denote the eight tetrahedra in each octahedron by T1, . . . , T8, respecting the following conditions. We choose T1 and T2
such that they only share one common vertex (the face vertex of the octahedron). Note that each octahedron is cut in half
by a square face of the original cube partition ♦. Thus, we refer to the half of the octahedron containing T1 as the upper half,
and to the half containing T2 as the lower half. In the lower half, we denote the tetrahedron sharing only an edge with T2 as
T3. Analogously, the tetrahedron in the upper half sharing only an edge with T1 is denoted by T4. Finally, the remaining two
tetrahedra in the upper half are denoted by T5 and T6, and the remaining two tetrahedra in the lower half by T7 and T8. Fig. 6
shows a possible denotation of the tetrahedra.
For the half-octahedra, we denote the four tetrahedra by T1, . . . , T4, choosing T1 and T2 opposite each other, such that
they share one common edge. The remaining two tetrahedra are T3 and T4.
The vertices of the tetrahedra are chosen as in Section 3.
We now define the following subsets of domain points for the octahedra and half-octahedra in each of the classes
K1, . . . ,K7. Let O be an octahedron in classK1, and let T1, . . . , T8 be the eight tetrahedra of O. Then
M I1,1 := DT1 ,
M I1,2 := {ξijkl ∈ DT2 : i ≤ 3} \ {ξ3110, ξ3101, ξ3011, ξ2111},
M I1,µ := {ξ0122, ξ0212, ξ1202, ξ1022} ⊂ DTµ , µ ∈ {3, 4},
M I1,µ := {ξ1220, ξ0221} ⊂ DTν , µ ∈ {5, 6},
M I1,µ := ∅, µ ∈ {7, 8}.
(7)
For each half-octahedron in class K1 with tetrahedra T1, . . . , T4, we choose
MB1,1 := DT1 ,
MB1,2 := {ξijkl ∈ DT2 : j ≥ 2 ∧ k ≥ 2} \ {ξ0202, ξ0022},
MB1,µ := {ξ0221, ξ1220} ⊂ DTµ , µ ∈ {3, 4}.
(8)
The following subsets of domain points are chosen in octahedra in classesK2, . . . ,K4.
M I2,µ := M I1,µ \ {ξijkl ∈ DTµ : j, k, l ≥ 3}, µ ∈ {1, . . . , 8}, (9)
M I3,µ := M I1,µ \ {ξijkl ∈ DTµ : j, k ≥ 3 ∧ j = k = 2}, µ ∈ {1, . . . , 8}, (10)
M I4,µ := M I3,µ \ {ξijkl ∈ DTµ : l ≥ 3}, µ ∈ {1, . . . , 8}. (11)
For half-octahedra in these classes, we choose
MB2,µ := MB1,µ \ {ξijkl ∈ DTµ : j, k, l ≥ 3}, µ ∈ {1, . . . , 4}, (12)
MB3,µ := MB1,µ \ {ξijkl ∈ DTµ : j, k ≥ 3 ∧ j = k = 2}, µ ∈ {1, . . . , 4}, (13)
MB4,µ := MB3,µ \ {ξijkl ∈ DTµ : l ≥ 3}, µ ∈ {1, . . . , 4}. (14)
In the classesK1, . . . ,K4, any of the eight (or four) tetrahedra could be chosen as T1. In the following two classesK5 and
K6, we must choose more carefully. The octahedra and half-octahedra in these classes have common faces with octahedra
of lower classes, and we choose T1 to be a tetrahedron which shares a common face with some tetrahedron T belonging to
an octahedron of lower class. The point sets chosen for an octahedron in classK5 are
M I5,µ := M I2,µ \ {{ξijkl ∈ DTµ : i ≤ 1} ∪ {ξ2210, ξ2120, ξ2102}}, µ ∈ {1, 2},
M I5,µ := M I2,µ \ {ξijkl ∈ DTµ : i ≤ 1}, µ ∈ {3, 4},
M I5,µ := M I2,µ, µ ∈ {5, . . . , 8}.
(15)
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Table 4
The number #M Iµ,ν of points chosen for each tetrahedron Tν in the
octahedra of classKµ . The last column shows the total number of
points chosen in each octahedron of the respective class.
Class T1 T2 T3 T4 T5 T6 T7 T8
∑
K1 56 48 4 4 2 2 0 0 116
K2 26 18 4 4 2 2 0 0 56
K3 34 26 4 4 0 0 0 0 68
K4 24 16 4 4 0 0 0 0 48
K5 14 6 0 0 2 2 0 0 24
K6 14 6 0 0 0 0 0 0 20
K7 8 0 0 0 0 0 0 0 8
For half-octahedra in classK5, we define
MB5,1 := MB2,1 \ {{ξijkl ∈ DT1 : i ≤ 1} ∪ {ξ2102}},
MB5,2 := MB2,1 \ {ξijkl ∈ DT2 : i ≤ 1},
MB5,µ := MB2,µ, µ ∈ {3, 4}.
(16)
In each octahedron of classK6, we choose
M I6,µ := M I5,µ \ {ξijkl ∈ DTµ : j = k = 2}, µ ∈ {1, . . . , 8}, (17)
while in a half-octahedron of this class we have
MB6,µ := MB5,µ \ {ξ1,2,2,0, ξ0,2,2,1} ⊂ DTµ , µ ∈ {1, . . . , 4}. (18)
Finally, for octahedra and half-octahedra in classK7, we choose the sets
M I7,µ := {ξijkl ∈ DT1 : i ≥ 4} ∪ {ξ3110, ξ3101, ξ3011, ξ2111}, (19)
and
MB7,µ := MB6,µ \ {ξ2201, ξ2021, ξ2012, ξ3002}, µ ∈ {1, 2, 3, 4}, (20)
respectively.
We now choose some additional points for certain vertices and edges on the boundary of the partition. To specify these
points, we need the following definitions. Let v be a vertex of ∆6. The primary octahedron of v is the octahedron or half-
octahedron which shares the vertex v and is of the lowest class of all octahedra and half-octahedra sharing v. The primary
tetrahedron of v is the tetrahedron Tν in the primary octahedron of v, where ν is the lowest possible index such that v ∈ Tν .
For an edge e of∆6, we define the primary octahedron of e and the primary tetrahedron of e analogously.
First, for each boundary vertex of the original cube partition ♦ which is not a vertex of some octahedron or half-
octahedron in classK1, we choose the D2 ball in the primary tetrahedron of v. Let
MV := DT2(v); v a boundary vertex of ♦, v ∉ K1, T the primary tetrahedron of v . (21)
Moreover, for each boundary edge e of the original cube partition ♦, where the primary octahedron of e is inK3 ∪K4 ∪K5,
we choose two points in the primary tetrahedron of e. Let
ME :=

ξ1220, ξ0221 ∈ DT ; T is the primary tetrahedron of e, for each boundary edge e ∈ ♦
whose primary octahedron is in ∈ K3 ∪K4 ∪K5

. (22)
We continue by counting the number of points in each of the sets. In Table 4, the number #M Iµ,ν is shown for each tetrahedron
Tν in an octahedron of classKµ, as well as the total number of points chosen in each octahedron of classKµ. Analogously,
the entries of Table 5 show the numbers #MBµ,ν for each tetrahedron Tν in a half-octahedron of class Kµ, as well as their
sums. Counting the points inMV andME , we get
#MV = 20N2 + 30N + 10, #ME = 6N2 + 6N. (23)
The next result shows that the number of points chosen equals the dimension of S(∆6).
Theorem 5.1. Let L be the union of the sets defined in (7)–(22) over each tetrahedron of the partition. Then #L = dim(S(∆6)).
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Table 5
The number #MBµ,ν of points chosen for each tetrahedron Tν
in the half-octahedra of classKµ . The last column shows the
total number of points chosen in each half-octahedron of the
respective class.
Class T1 T2 T3 T4
∑
K1 56 34 2 2 94
K2 26 14 2 2 44
K3 34 12 0 0 46
K4 24 12 0 0 36
K5 16 6 2 2 26
K6 16 6 0 0 22
K7 12 4 0 0 16
Proof. Combining the number of octahedra and half-octahedra in each class from Table 3 with the number of interpolation
points chosen in each tetrahedron from Tables 4 and 5, together with the numbers from (23), we get
#L =
4−
µ=1
8−
ν=1
#M Iµ,ν ·
1
4
(N3 − N2)+
6−
µ=5
8−
ν=1
#M Iµ,ν ·
1
2
(N3 − N2)+
8−
ν=1
#M I7,ν · (N3 − N2)
+
4−
µ=1
4−
ν=1
#MBµ,ν ·
1
4
N2 +
6−
µ=5
4−
ν=1
#MBµ,ν ·
1
2
N2 +
4−
ν=1
#MB7,ν · N2 + #MV + #ME
= (116+ 56+ 68+ 48)/4+ (24+ 20)/2+ 8(n3 − n2)
+ (94+ 44+ 46+ 36)/4+ (26+ 22)/2+ 16n2 + (20n2 + 30n+ 10)+ (6n2 + 6n)
= 102n3 + 114n2 + 36n+ 10,
which, by Theorem 3.1, is the dimension of S(∆6). 
For our main result, we need the following important lemma. This lemma states that if some B-coefficients of a trivariate
quintic polynomial in B-form are already known, then the other B-coefficients can be determined by Lagrange interpolation
at the associated domain points (see [7, Conj. 2.2]).
Lemma 5.2. Let T := ∆(v0, v1, v2, v3) be a non-degenerate tetrahedron, Γ ⊂ DT an arbitrary subset of the domain points
associated with quintic polynomials on T , and p ∈ P5 a quintic polynomial given in its Bézier–Bernstein representation,
p ≡
−
ξ∈Γ
bξBξ .
Then the interpolation problem p(ξ) = 0, ξ ∈ Γ , has the unique solution p ≡ 0.
Proof. The restriction of p to a face of T is a bivariate polynomial of degree five. For bivariate polynomials, it has been
shown [7, p. 36] that the statement holds for polynomials up to degree seven. It follows that p|∂T ≡ 0, where ∂T denotes
the boundary of T . It remains to show that for A := {ξ2111, ξ1211, ξ1121, ξ1112}, the interpolation problem
p˜ ≡
−
ξ∈Γ∩A
bξBξ , p˜(ξ) = 0, ξ ∈ Γ ∩ A,
has the unique solution p˜ ≡ 0. If Γ ∩ A = ∅, it follows directly that p˜ ≡ 0. If Γ ∩ A = A then, since p|∂T ≡ 0, there exists
a linear polynomial q ∈ P1 with p ≡ ϕ0ϕ1ϕ2ϕ3q, where the ϕν are the barycentric coordinates with respect to T . Since the
points in A can be considered as the vertices of a non-degenerate tetrahedron, they form a Lagrange interpolation set for
P1. It follows that q ≡ 0, and therefore p ≡ 0. For the remaining cases, we consider the matrix M := [Bξ (ξ˜ )]ξ,ξ˜∈Γ∩A. For
ξ, ξ˜ ∈ Γ ∩ A, ξ ≠ ξ˜ , we have
Bξ (ξ) = 2Bξ (ξ˜ ) = 2Bξ˜ (ξ).
It is easy to see that det(M) ≠ 0 in any of these cases, and therefore the statement holds. 
We are now ready to state the main result of this paper.
Theorem 5.3. The set of domain pointsL is a Lagrange interpolation set for S(∆6). That is, given a set {fξ ; ξ ∈ L} of arbitrary
real values, there exists a unique spline s ∈ S(∆6) satisfying s(ξ) = fξ , ξ ∈ L. The associated interpolation method is local and
stable, and has linear complexity.
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Construction of the interpolant.
The main result of this paper states that the Lagrange interpolation problem s(ξ) = fξ , ξ ∈ L, where the fξ are
arbitrary real values, has a unique solution s ∈ S(∆6). Before we prove this theorem, we discuss the construction of the
interpolating spline s. The construction of s is equivalent to the computation of all B-coefficients bξ ∈ D∆6 . To compute these
B-coefficients, we consider each octahedron and half-octahedron step by step, from the lowest classK1 to the highest class
K7. In each octahedron, we consider the tetrahedra T1−T8 step by step in this order. For each tetrahedron T , we consider the
interpolation pointsL∩ T and compute s|T from the interpolation conditions s(ξ) = fξ , ξ ∈ L∩ T . Lemma 5.2 shows that
this interpolation problem has a unique solution. After computing the B-coefficients of T , we use the C1 and C2 smoothness
conditions (1) of our spline space to compute certain B-coefficients in star(T ) (all B-coefficients which can be computed by
C1 conditions across the faces, edges, and vertices of T, and all B-coefficients in the C2-balls of the corner vertices and cube
vertices of T ). We repeat this process for each T ∈ ∆6 and thus obtain the interpolating spline s. Note that the construction
is done in linear time, since each tetrahedron is considered exactly once.
Proof of Theorem 5.3. Let s ∈ S(∆6) be a spline with B-coefficients bξ , ξ ∈ D∆6 , and L the set of domain points defined
in Theorem 5.1. By this theorem, it suffices to show that the interpolation problem
s(ξ) = 0, ξ ∈ L, (24)
has only the trivial solution s ≡ 0, i.e., bξ = 0 for all ξ ∈ D∆6 . In the following, we examine the octahedra and half-octahedra
of∆6 in the order prescribed by the classesK1, . . . ,K7, and show for each octahedron O that s|O ≡ 0.
Let O be an octahedron in classK1, and let T1, . . . , T8 be the tetrahedra of O. For a better understanding, Fig. 7 shows the
domain points of O except for those contained in the D3 balls of the cube vertices of O. The set M I1,1 ⊂ L contains all the
domain points of T1, and the Lagrange conditions (24) imply that s|T1 ≡ 0. Fig. 7 shows the points in this set as white circles.
By the C1 smoothness conditions (5) and (6), and by the C2 smoothness at the vertices of T1, the B-coefficients associated
with the black circles in Fig. 7 are now determined as 0. Now, considering the tetrahedron T2, it is clear that the domain
points ofM I1,2, shown as white boxes in Fig. 7, are exactly those whose associated B-coefficients are not yet determined. By
Lemma 5.2, these coefficients are also determined as 0. Again, applying the C1 smoothness conditions (5) and (6), and the
C2 smoothness at the corner vertices of T2, we obtain the coefficients associated with black boxes in Fig. 7. Then the sets
M I1,3 andM
I
1,4 (shown as white triangles in Fig. 7) contain all domain points of the tetrahedra T3 and T4, respectively, whose
associated B-coefficients are not yet determined. By Lemma 5.2, it follows that s|T3 ≡ 0 and s|T4 ≡ 0. This same principle
is applied for the remaining four tetrahedra of O. Fig. 7 shows the domain points of these tetrahedra, whose associated
B-coefficients are determined by C1 and C2 smoothness, as black triangles. The remaining domain points, whose associated
B-coefficients are not yet determined, correspond to the setsM I1,5−M I1,8 and are shown as white and black diamonds. Thus,
by Lemma 5.2, it follows that s|Tν ≡ 0 for ν = 1, . . . , 8, which means that s|O ≡ 0 for all octahedra O ∈ K1.
Now let O be a half-octahedron in classK1, and let T1, . . . , T4 be the four tetrahedra of O. Since the setMB1,1 ⊂ L contains
all domain points of T1, it follows from the interpolation conditions (24) that s|T1 ≡ 0. As in the case of an octahedron, the
set MB1,2 ⊂ L contains all domain points of T2 whose associated B-coefficients are not determined by the C1 smoothness
conditions (5) and (6) or by C2 smoothness at the corner vertices of O. Lemma 5.2 shows that s|T2 ≡ 0. Looking at T3 and
T4, all of the B-coefficients associated with their respective domain points are already determined by C1 and C2 smoothness
conditions. The only remaining B-coefficients are those associated with the domain points ξ0221 and ξ1220, which are in the
setsMB1,3 andM
B
1,4. It follows that s|T3 ≡ 0 and s|T4 ≡ 0, and therefore s|O ≡ 0.
We continue this process for an octahedron O ∈ K2. Let T1, . . . , T8 be the tetrahedra of O. Since O is in classK2, it shares
exactly six common vertices with some tetrahedra in classK1 or with the boundary of the partition. For each vertex v that
is shared with some octahedron of classK1, the B-coefficients associated with domain points in the ball D2(v) are already
determined. If v is a boundary vertex which is not shared by some octahedron in classK1, then the B-coefficients associated
withDT2(v) are included inL, where T is the primary tetrahedron of v. The remaining B-coefficients of T1 are associatedwith
the domain points inM I2,1, and it follows by Lemma 5.2 that s|T1 ≡ 0. Considering the tetrahedra T2, . . . , T8 in order, we see
that each B-coefficient is either determined by C1 smoothness across an edge or face or by C2 smoothness at a corner vertex,
or that the associated domain point is contained in one of the sets M I2,ν, ν = 2, . . . , 8, or MV . Again, using Lemma 5.2 for
each tetrahedron, it follows that s|O ≡ 0. The same arguments apply to the half-octahedra of classK2.
We now consider the octahedra and half-octahedra of class K3. These share exactly four edges with the octahedra or
half-octahedra belonging to classesK1 andK2, or with the boundary of the partition. Let O be such an octahedron or half-
octahedron. The C1 and C2 smoothness conditions across the common edges, together with the points ofMV andME , imply
that either bξ = 0 or s(ξ) = 0 for ξ = ξijkl ∈ DT , j, k ≥ 3 and j = k = 2, for all tetrahedra T ∈ O. It follows from the choice
of domain points in the setsM I3,ν, ν = 1, . . . , 8, andMB3,ν, ν = 1, . . . , 4, that s|O ≡ 0 for all O ∈ K3.
Considering the octahedra and half-octahedra of class K4, it follows from the common edges and vertices they share
with octahedra and half-octahedra of lower classes that bξ = 0 or s(ξ) = 0 for ξ = ξijkl ∈ DT , j, k, l ≥ 3 and j = k = 2,
for all tetrahedra T belonging to some O ∈ K4. This again implies that s|O ≡ 0 or all O ∈ K4, using the same arguments as
before.
For the classes K1, . . . ,K4, it was possible to consider each tetrahedron belonging to some octahedron or half-
octahedron in these classes separately. For the remaining classes, this is no longer possible. Let O be an octahedron in class
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Fig. 7. Domain points of an octahedron in classK1 . The layers correspond to the domain points (from top to bottom) ξijk2, i+ j+k = 3, ξijk1, i+ j+k = 4,
and ξijk0, i+ j+ k = 5, of the tetrahedra in the upper half of the octahedron, and ξijk1, i+ j+ k = 4, and ξijk2, i+ j+ k = 3, of the tetrahedra in the lower
half.
K5, and let T1, . . . , T8 be the tetrahedra of O. Note that O shares exactly four common faces with the octahedra and half-
octahedra of classes K1, . . . ,K4. Fig. 8 shows the order in which the B-coefficients of O are determined. Black triangles
mark those domain points whose associated B-coefficients are determined by the C1 and C2 smoothness conditions across
the faces and at the vertices of O. Note that the B-coefficients bξ , ξ ∈ {ξ2210, ξ2120} of T1 and T2 are also determined by the
third smoothness condition of (6). By the choice of domain points in M I5,1 ⊂ L (shown as white circles in Fig. 8), either
bξ = 0 or s(ξ) = 0 for all ξ ∈ DT1 \ {ξ2102}. Considering the domain points ξijk2, i + j + k = 3 in the upper half of the
octahedron (Fig. 8, top),we have bξ = 0 for ξ ∈ {ξ3002, ξ2012, ξ1112} ⊂ DT1 and ξ = ξ1112 ∈ DT4 . Applying the C1 smoothness
conditions (6) on this layer of domain points implies that bξ = 0 for ξ ∈ {ξ3002, ξ2012, ξ2102, ξ1112} ⊂ DTν , ν ∈ {1, 4, 5, 6}.
In particular, in T1 the B-coefficient b2102 = 0 (marked as the black star in Fig. 8). Now, using Lemma 5.2, it follows that
s|T1 ≡ 0. The black circles in Fig. 8 mark those domain points whose associated B-coefficients are now determined by the C1
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Fig. 8. Domain points of an octahedron in classK5 . The layers correspond to the domain points (from top to bottom) ξijk2, i+ j+k = 3, ξijk1, i+ j+k = 4,
and ξijk0, i+ j+ k = 5, of the tetrahedra in the upper half of the octahedron, and ξijk1, i+ j+ k = 4, and ξijk2, i+ j+ k = 3, of the tetrahedra in the lower
half.
or C2 smoothness conditions, while white boxes mark the domain points in the set M I5,2. Proceeding as in T1, we conclude
that s|T2 ≡ 0. Another set of domain points, shown as black boxes, is now determined by the smoothness conditions. Note
that, at this point, all B-coefficients of T3 and T4 are determined, while the domain points associated with B-coefficients of
T5 and T6 that are not yet determined are included in the setsM I5,5 andM
I
5,6, respectively. After applying Lemma 5.2 and the
smoothness conditions, all B-coefficients of T7 and T8 are determined, and it follows that s|O ≡ 0. In the same way it can be
shown that all B-coefficients of the half-octahedra ofK5 are determined.
The octahedra and half-octahedra of class K6 are determined almost exactly as in class K5. The only difference is
that the domain points ξ1220 and ξ0221 are not included in the sets M I6,5 and M
I
6,6, since the associated B-coefficients are
determined either by the C1 smoothness conditions across the faces shared with octahedra and half-octahedra in classK5,
or by additional Lagrange interpolation conditions from the setME .
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Fig. 9. Domain points of an octahedron in classK7 . The layers correspond to the domain points (from top to bottom) ξijk2, i+ j+k = 3, ξijk1, i+ j+k = 4,
and ξijk0, i+ j+ k = 5, of the tetrahedra in the upper half of the octahedron, and ξijk1, i+ j+ k = 4, and ξijk2, i+ j+ k = 3, of the tetrahedra in the lower
half.
In conclusion, let O be an octahedron in classK7, and let T1, . . . , T8 be the tetrahedra of O. O shares all eight faces with
some octahedra or half-octahedra of lower classes, and thus most of the B-coefficients associated with domain points of O
are already determined by smoothness conditions across these faces or at the vertices of O. These domain points, as well as
those whose associated B-coefficients can then be determined by the C1 smoothness conditions across the interior faces of
O, are shown as black triangles in Fig. 9. The setM I7,1 contains all the remaining domain points of T1 (white circles in Fig. 9),
and it follows that s|T1 ≡ 0. All remaining B-coefficients ofO can now be determined by the C1 smoothness conditions across
the interior faces of O, implying that s|O ≡ 0. The situation for the half-octahedra in classK7 is quite similar.
Thus, we have shown thatL is a Lagrange interpolation set for S(∆6). Since an interpolating spline s is computed step by
step on each octahedron, the computation is linear in the number of octahedra and half-octahedra. The interpolation process
is also local, since the computation of the B-coefficients of a given octahedron O depends only on interpolation conditions at
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the domain points of that octahedron, and on the smoothness conditions coming from adjacent octahedra of lower classes.
Let T be a tetrahedron of O, andΩT := star6(O); then the computation of bξ ∈ DT depends only on values fη, η ∈ L ∩ΩT .
It is also stable in the sense that
|bξ | ≤ C max
η∈L∩ΩT
|fη|, (25)
where C is an absolute constant, since each B-coefficient is computed either by solving one of the linear system in Lemma5.2,
or by one of the smoothness conditions in (1), (5), or (6). This concludes our proof. 
6. Bounds on the error of the interpolant
In this section, we establish error bounds for the interpolating splines. We show that, for sufficiently smooth functions,
our splines have optimal approximation order six.
Let f ∈ C(Ω) be a smooth function, and let I be a linear operator mapping C(Ω) to S(∆), where I(f ) ∈ S(∆6) is
defined as the spline constructed by our method interpolating f at the points inL. Let B ⊆ Ω be a compact subset, and let
Wm∞(B), m ∈ N, the usual Sobolev space equipped with the seminorm
|f |m,B :=
−
|α|=m
‖Dα(f )‖B,
where ‖ · ‖B denotes the maximum norm on B and Dα := Dα1x Dα2y Dα3z denotes the partial derivative operator with
α1 + α2 + α3 = m.
Theorem 6.1. For all f ∈ Wm+1∞ (Ω), 0 ≤ m ≤ 5, and all 0 ≤ |α| ≤ m, there exists an absolute constant C such that
‖Dα(f − I(f ))‖Ω ≤ Chm+1−|α||f |m+1,Ω , (26)
where h = 1/N denotes the length of the edges of the cube partition.
Proof. Fix 0 ≤ m ≤ 5, and let f ∈ Wm+1∞ (Ω), T ∈ ∆6 be some tetrahedron, andΩT := star6(O), where O is the octahedron
or half-octahedron containing T . Then by [9, pages 95ff., Proposition 4.1.17, Lemma 4.3.8] there exists a polynomial p ∈ P5
such that, for all 0 ≤ |α| ≤ m,
‖Dα(f − p)‖ΩT ≤ CPhm+1−|α||f |m+1,ΩT ,
where CP is an absolute constant not depending on h. Since I(p) ≡ p and T ⊂ ΩT , it follows that
‖Dα(f − I(f ))‖T ≤ ‖Dα(f − p)‖ΩT + ‖Dα(I(f − p))‖T .
Using the trivariate Markov inequality [10] and (25), we get
‖Dα(I(f − p))‖T ≤ CMh−|α|‖I(f − p)‖T ≤ CMCLh−|α|‖f − p‖ΩT ,
with the constants CM and CL not depending on h. Combining these leads to
‖Dα(f − I(f ))‖T ≤ CThm+1−|α||f |m+1,ΩT ,
where CT = CP(1+ CMCL). Taking the maximum over all tetrahedra of∆6 yields (26). 
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